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============

In this paper, we consider the Sturm--Liouville equation on the semi axis $$\documentclass[12pt]{minimal}
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                \begin{document}$$ y(0)=0, $$\end{document}$$ where *λ* is a spectral parameter, and *ρ* is the density function. There is a comprehensive literature on the spectral theory of boundary value problem ([1.1](#Equ1){ref-type=""})--([1.2](#Equ2){ref-type=""}) for $\documentclass[12pt]{minimal}
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                \begin{document}$\rho=1$\end{document}$. He proved that some poles of the resolvent kernel are not the eigenvalues of the operator. He also showed that those poles, which are called spectral singularities by Schwartz \[[@CR2]\], are a mathematical obstruction for the completeness of the eigenvectors and are embedded in the continuous spectrum. Pavlov \[[@CR3]\] established the dependence of the structure of the spectral singularities of the differential operator on the behavior of the potential function at infinity. So far, a large number of problems related to the spectral analysis of differential and some other types of operators with spectral singularities have been investigated \[[@CR4]--[@CR10]\]. As is well known, the Sturm--Liouville equation ([1.1](#Equ1){ref-type=""}) has a bounded solution satisfying the condition $$\documentclass[12pt]{minimal}
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                \begin{document}$$\lim_{x \rightarrow\infty} e(x,\lambda)e^{-i\lambda x}=1, $$\end{document}$$ where $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$e ( x,\lambda ) $\end{document}$ is the Jost solution of ([1.1](#Equ1){ref-type=""}) and has the integral representation $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \int_{0}^{\infty}x \bigl\lvert q(x) \bigr\rvert \,dx< \infty, $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K(x,t) $\end{document}$ is defined by the potential function *q* \[[@CR11], [@CR12]\].

Furthermore, boundary value problems with discontinuities inside an interval have great interest in mathematical physics and quantum mechanics. To solve interior discontinuities, some extra conditions are imposed on the discontinuous point, which are often called interface conditions, point interactions, transmission conditions, and impulsive conditions. The theory of impulsive differential equations were studied in applied mathematics in detail \[[@CR13], [@CR14]\]. A great number of authors studied the spectral theory of impulsive differential equations \[[@CR15]--[@CR18]\]. Moreover, the physical meaning and potential applications of spectral singularities of impulsive differential equations have been understood quite recently \[[@CR19], [@CR20]\]. Especially in \[[@CR21]\], the author provided the physical meanings of eigenvalues and spectral singularities of the Schrödinger equation at a single point. Such problems have been widely studied for impulsive differential operators on the whole axis.

In this work, we are concerned with the impulsive Sturm--Liouville operator on the semi axis. The density function *ρ* and impulsive condition make the spectral analysis of operator quite difficult, but by determining a transfer matrix we can obtain some spectral properties.

Statement of the problem {#Sec2}
========================
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Furthermore, we denote the solutions of equation ([2.1](#Equ5){ref-type=""}) by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y_{-}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y_{+}$\end{document}$, respectively: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Lemma 2.1 {#FPar1}
---------

*The following equations hold for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda\in\mathbb{R} \backslash \{ 0 \} $\end{document}$: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} & W[F,G] ( x,\lambda ) =-2i\lambda M_{22}(\lambda),\quad x \rightarrow \infty, \\ & W[F,G] ( x,\lambda ) =\frac{M_{22}(\lambda)}{\det M},\quad x\rightarrow0^{+}. \end{aligned}$$ \end{document}$$
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Corollary 2.2 {#FPar2}
-------------

*A necessary and sufficient condition to investigate the eigenvalues and spectral singularities of the impulsive Sturm--Liouville operator* *L* *is to investigate the zeros of the function* $\documentclass[12pt]{minimal}
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By ([2.15](#Equ19){ref-type=""}) we have the following representation for $\documentclass[12pt]{minimal}
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Main results {#Sec3}
============

We introduce the sets of spectral singularities and eigenvalues of impulsive operator *L* as $$\documentclass[12pt]{minimal}
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Theorem 3.1 {#FPar3}
-----------

*Under condition* ([2.4](#Equ8){ref-type=""}), *the function* $\documentclass[12pt]{minimal}
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Proof {#FPar4}
-----

The derivative of the Jost solution $\documentclass[12pt]{minimal}
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Lemma 3.2 {#FPar5}
---------

*Assume* ([2.4](#Equ8){ref-type=""}). (i)*The set* $\documentclass[12pt]{minimal}
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Proof {#FPar6}
-----

Asymptotic equation ([3.1](#Equ28){ref-type=""}) shows that $\documentclass[12pt]{minimal}
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Now, we can give the following theorem.

Theorem 3.3 {#FPar7}
-----------

*Under condition* ([2.4](#Equ8){ref-type=""}), (i)*The set of eigenvalues of* *L* *is bounded and has at most a countable number of elements*, *and its limit points can lie only on a bounded subinterval of the real axis*.(ii)*The set of spectral singularities of* *L* *is compact*, *and its linear Lebesgue measure is zero*.

Now, we proceed by assuming an extra condition on *q* to assure the finiteness of the sets $\documentclass[12pt]{minimal}
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Theorem 3.4 {#FPar8}
-----------
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Proof {#FPar9}
-----

Using ([2.9](#Equ13){ref-type=""}), ([2.10](#Equ14){ref-type=""}), and ([3.4](#Equ31){ref-type=""}), we find that $$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$M_{22} $\end{document}$ has an analytic continuation from the real axis to the lower half-plane $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\operatorname{Im} \lambda>-\epsilon /2 $\end{document}$. Hence the sets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sigma_{d}(L) $\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sigma_{ss}(L) $\end{document}$ have no limit points on the real line, and by Theorem [3.3](#FPar7){ref-type="sec"} these sets are bounded and have a finite number of elements. Finally, using the uniqueness theorem of analytic functions \[[@CR23]\], we see that all zeros of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$M_{22} $\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\overline {C}_{+} $\end{document}$ have finite multiplicities. □

Now, let us denote the set of all limit points of $\documentclass[12pt]{minimal}
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Theorem 3.5 {#FPar10}
-----------
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Proof {#FPar11}
-----
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                \begin{document}$M_{22} $\end{document}$ cannot be continued analytically from the real line to the lower half-plane under condition ([3.7](#Equ34){ref-type=""}), it is not possible to prove the finiteness of eigenvalues and spectral singularities in a way similar to Theorem [3.4](#FPar8){ref-type="sec"}.

On the other hand, from ([2.15](#Equ19){ref-type=""}) we have $$\documentclass[12pt]{minimal}
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Theorem 3.6 {#FPar12}
-----------

*Assume* ([3.7](#Equ34){ref-type=""}). *Then the operator* *L* *has a finite number of eigenvalues and spectral singularities*, *and each of them is of finite multiplicity*.
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-----
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Scattering function of the impulsive operator {#Sec4}
=============================================

In this section, we determine the scattering function of the impulsive Sturm--Liouville operator *L*.

Theorem 4.1 {#FPar14}
-----------
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Proof {#FPar15}
-----
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Corollary 4.2 {#FPar16}
-------------
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Definition 4.3 {#FPar17}
--------------
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Theorem 4.4 {#FPar18}
-----------
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Proof {#FPar19}
-----
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An example {#Sec5}
==========

Let us consider the Sturm--Liouville operator $\documentclass[12pt]{minimal}
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                \begin{document}$k\in \mathbb{Z} $\end{document}$, are the spectral singularities of the impulsive boundary value problem ([5.1](#Equ47){ref-type=""}).
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                \begin{document}$L_{0} $\end{document}$ has eigenvalues. Otherwise, the operator has no eigenvalues and spectral singularities.
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                \begin{document}$L_{0} $\end{document}$; otherwise, the problem has no eigenvalues.
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                \begin{document}$b ( \operatorname{Arg} ( \frac{1+A}{ 1-A} ) +2k\pi ) >0$\end{document}$, then the problem has no eigenvalues.

*Case3*: Let *A* be a real number.
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Conclusions {#Sec6}
===========

In this study, we discuss some spectral and scattering problems of an impulsive Sturm--Liouville boundary value problem on the semi axis. Although there are various studies about the spectral analysis of these problems, much of them are on the whole axis. Moreover, the method we use to investigate the eigenvalues and spectral singularities is quite different from other papers. By using a transfer matrix we introduce the sets of eigenvalues and spectral singularities, and under sufficient conditions, we guarantee the finiteness of these sets.

**Publisher's Note**

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Acknowledgements {#FPar22}
================

Not applicable.

Availability of data and materials {#FPar23}
==================================

Not applicable.

The authors declare that the study was realized in collaboration with equal responsibility. All authors read and approved the final manuscript.

Not applicable.

Competing interests {#FPar20}
===================

The authors declare that they have no competing interests.
